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Abstract

The analysis of predator-prey relationship has become the focus of

challenging scientific research in the field of mathematical and ecolog-

ical studies. Our present work concerns food chain model with refugia

in prey and intermediate predator species. The impacts of refuges, af-

fecting population dynamics, are quite complicated in nature. Refugia

influence relationship between predator and prey through interactions

of refuse and non-refuse areas. We investigate local and global sta-

bility analysis of our system around the different equilibrium points

under some conditions. In order to analyze the global nature of the

model we perform detailed numerical experiments. According to our

observation, the system exhibits different dynamical phenomena like

stable focus, limit cycle oscillation, period-2 oscillation and chaos. For

studying the effect of refugia with regard to chaotic dynamics we vary

the parameters m1 and m2. We found that when the value of refugia

parameter increases, our system goes down into stable focus through

chaotic motion, period-2 and limit cycle oscillation. So, we may con-

clude that the refugia parameter has a stabilizing effect and we can use

this as a chaotic nature controlling parameter in a dynamical system.
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1 Introduction

Predator-prey models with disease are a major concern and are now be-
coming an attractive field as eco-epidemiology. The study of interactions
between predator and prey has been much progress and many mathematical
and ecological problems remain challenging to us. The works of Lotka[14]
and Volterra[20] are the first pioneering work about predator-prey interac-
tion dynamics. Also, the remarkable work of Kermack-Mckendric[12] about
epidemiology acquired many attractions among applied mathematicians, sci-
entists and ecologists. Many researchers[1, 2, 3, 4, 17, 19, 22] have studied
eco-epidemiological models introducing various factors, like harvesting, allee
effects, refugia etc and developed the study of predator-prey relationship.

In nature, all living species want to live with own conditions. Every
species likes a suitable safe environment, where it can live freely and repro-
duce. For this reason, prey populations usually move to areas where they are
not threatened by their predators. Such refugia are engaged in two important
roles - (a) serving to minimize the chance of extinction (due to predation),
and (b) to damp prey-predator oscillations. Now, the way the prey refuges
affect the population dynamics, is quite complex in nature. The relationship
between predator and prey can be affected by refugia through movements
between refuse and non-refuse areas. The mathematical models and a num-
ber of experiments indicate that refugia have stabilizing effects[6, 7, 9, 10] on
predator-prey relations. Therefore, prey refuge becomes one of the key factor
in predator-prey dynamics and many researchers[13, 15, 16, 18] have studied
it. Recently, a diffusive predator-prey system is studied by Yang et al[23]
and the effects of prey refuge and gestation delay are discussed. They have
also investigated the nature of stability of the fixed points and bifurcation
analysis of the model. Wang et al[21] showed that the prey species are able
to refuge their predators using some techniques. Kar[11] analyzed the activ-
ities of harvesting and prey refuge by studing a prey-predator model. Chen
et al[5] proved that the densities of prey and predator populations can be
affected by introducing prey refuge in a system. To the best of our knowledge
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none of the studies was done about the joint effects of refugia on prey species
and intermediate predator species in food chain model. But both the refugia
factors have remarkable effects on the dynamics of food chain system. Here,
we examine the effects of refugia on prey species and intermediate predator
species in a prey-predator model. We have discussed the different aspects of
our model and showed that the refugia in both the species are able to control
chaotic dynamics of the system.

The paper is structured in the following systematic way. Firstly, we
formed our mathematical model with some basic ideas in section(2). We have
done stability analysis of fixed points or equilibrium points in section(3). We
perform numerical analysis of our model through section (4). At the end, a
conclusion of our study is given.

2 Formulation of the Model

Here we discuss the impact of refugia on food chain system pursu-
ing Hastings and Powell [8] model(HP model) with type-II functional re-
sponse(Holling) introducing prey refugia and intermediate predator refugia.
With above assumptions our proposed model takes the following form:

dU

dT
= R0U

(

1−
U

K0

)

−
C1A1(1−m1)V U

B1 + (1−m1)U

dV

dT
=

A1(1−m1)V U

B1 + (1−m1)U
−

A2(1−m2)VW

B2 + (1−m2)V
−D1V (1)

dW

dT
=

C2A2(1−m2)VW

B2 + (1−m2)V
−D2W.

Here U denotes prey species at lower level of food chain, V denotes in-
termediate predator species which preys U , andW refers top-predator species
that preys V . Here, time is represented by T . The parameters R0 and K0

respectively refer intrinsic growth rate and carrying capacity of U species .
The parameters C−1

1 and C2 represent conversion rates of prey to predator
for species V and W respectively; D1 and D2 indicates respectively constant
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death rates for species V and W . Maximal predation rates and half satu-
ration constants for V and W species respectively denoted by constants Ai

and Bi(i = 1, 2). Here m1 and m2 are the refugia parameters for prey and
intermediate predator populations.

Hastings and Powell [8] showed that the dynamic relation between
prey and predator for a simple three-species food chain model is chaotic in a
certain region of parametric space. The initial conditions for the system (1)
are as follows:

U(0) > 0, V (0) > 0, W (0) > 0.

Now, we combine the parameters of the system (1) that control system
behavior and we dimensionalize the system as follows:

u =
U

K0
, v =

C1V

K0
, w =

C1W

C2K0
and t = R0T

After some simplification we can write system (1) in the following
form:

du

dt
= u(1− u)−

r1(1−m1)uv

1 + (1−m1)k1u

dv

dt
=

r1(1−m1)uv

1 + (1−m1)k1u
−

r2(1−m2)vw

1 + (1−m2)k2v
− n1v (2)

dw

dt
=

r2(1−m2)vw

1 + (1−m2)k2v
− n2w

where

r1 =
A1K0

R0B1

, k1 =
K0

B1

, r2 =
C2A2K0

C1R0B2

, k2 =
K0

C1B2

, n1 =
D1

R0

, n2 =
D2

R0

.

3 Stability analysis of the model

3.1 Analysis of local stability of the fixed points

Now, the system(2) has four fixed points or equilibrium points. Here,
F0(0, 0, 0) and F1(1, 0, 0) denotes trivial equilibrium point and predator
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free equilibrium point respectively. This two fixed points exist for all values
of the parameters. Again, F2(ū, v̄, 0) denotes top predator free equilibrium
point with

ū =
n1

(r1 − k1n1)(1−m1)
and v̄ =

(1− ū)[1 + (1−m1)k1ū]

r1(1−m1)
.

The existence conditions of F2(ū, v̄, 0) are r1 − k1n1 > 0 and 1−m1 > 0.
Here, F ∗(u∗, v∗, w∗) refers the interior equilibrium point with,

v∗ = n2

(r2−k2n2)(1−m2)
, w∗ = [1+(1−m2)k2v∗][(1−u∗)u∗

−n1v
∗]

(1−m2)r2v∗
and u∗ is given by the

positive root of the following equation
k1(1−m1)u

∗2+ [1− k1(1−m1)]u
∗+A = 0 with A = n2r1(1−m1)

(r2−k2n2)(1−m2)
− 1. The

existence conditions of F ∗(u∗, v∗, w∗) are r2 − k2n2 > 0 and 1−m2 > 0.
Now, we calculate the Jacobian matrix of our system (2) around an

arbitrary point (u, v, w). Let, this Jacobian is denoted by J = (Jij)3×3

where,

J11 = 1− 2u−
r1(1−m1)v

[1 + k1(1−m1)u]2
, J12 = −u, J13 = 0

J21 =
r1(1−m1)v

[1 + k1(1−m1)u]2
, J22 = 0, J23 = −

r2(1−m2)v

1 + k2(1−m2)v

J31 = 0, J32 =
r2(1−m2)w

[1 + k2(1−m2)v]2
, J33 = 0

.
Theorem 1. The equilibrium point F0(0, 0, 0) is unstable for all values

of the parameters. Predator free equilibrium point F1(1, 0, 0) will be locally

stable if N01 < 1 where N01 = r1(1−m1)
n1[1+k1(1−m1)]

. The top predator free equilib-

rium point F2(ū, v̄, 0) will be locally asymptotically stable if M11+M22 < 0

, M11M22 −M12M21 > 0 and N20 < 1 where N02 =
r2(1−m2)v̄

n2[1+k2(1−m2)v̄]
.

Proof. Let the Jacobian matrix evaluated at F0 is denoted by J0. The
roots of the characteristic equation of the Jacobian matrix J0 are 1, −n1and
−n2. Now, one eigenvalue of the matrix J0 is 1 > 0, so this equilibrium point
F0 is unstable for all values of the parameters.

Again, let J1 refers the Jacobian matrix of our system computed
around the predator free equilibrium point F1. The roots of the character-
istic equation of the Jacobian matrix J1 are −1, r1(1−m1)

1+k1(1−m1)
− n1, and −n2.
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Hence, we can say that the fixed point F1 will be stable if
r1(1−m1)

1+k1(1−m1)
−n1 < 0

, that is N01 < 1 where N01 =
r1(1−m1)

n1[1+k1(1−m1)]
.

Now, let J2 = (Mij)3×3 denotes the Jacobian matrix of system(2) evaluated
around top predator free equilibrium point F2, where,
M11 = 1− 2ū−

r1(1−m1)v̄
[1+k1(1−m1)ū]2

, M12 = −
r1(1−m1)ū

1+k1(1−m1)ū
, M13 = 0

M21 =
r1(1−m1)v̄

[1+k1(1−m1)ū]2
, M22 =

r1(1−m1)ū
1+k1(1−m1)ū

− n1, M23 = −
r2(1−m2)v̄

1+k2(1−m2)v̄

M31 = 0, M32 = 0, M33 =
r2(1−m2)v̄

1+k2(1−m2)v̄
− n2

The roots of the characteristic equation of the Jacobian matrix J2 are
r2(1−m2)v̄

1+k2(1−m2)v̄
− n2 and the roots of the equation

λ2 − (M11 +M22)λ+ (M11M22 −M12M21) = 0 (3)

Now, the roots of the equation(3) will be negative if M11 + M22 < 0
and M11M22 −M12M21) > 0. Hence, from above discussion it is clear that
top predator free equilibrium point F2(ū, v̄, 0) will be locally asymptoti-
cally stable if M11 + M22 < 0 , M11M22 − M12M21 > 0 and M33 < 0, i.e.
r2(1−m2)v̄

1+k2(1−m2)v̄
− n2 < 0 or N20 < 1 where N02 =

r2(1−m2)v̄
n2[1+k2(1−m2)v̄]

.

3.2 Analysis of local stability of Interior equilibrium

point

Theorem 2. The interior equilibrium point F ∗(u∗, v∗, w∗) will be asymp-
totically stable if V11 < 0.
Proof. Let, the Jacobian matrix evaluated around interior equilibrium point
F ∗(u∗, v∗, w∗) is given by

J∗ =





V11 V12 V13

V21 V22 V23

V31 V32 V33





Where,
V11 = 1− 2u∗ −

r1(1−m1)v∗

[1+k1(1−m1)u∗]2
, V12 = −

r1(1−m1)u∗

1+k1(1−m1)u∗
, V13 = 0

V21 =
r1(1−m1)v∗

[1+k1(1−m1)u∗]2
, V22 = 0, V23 = −

r2(1−m2)v∗

1+k2(1−m2)v∗

6

Pramana Research Journal

Volume 9, Issue 3, 2019

ISSN NO: 2249-2976

https://pramanaresearch.org/79

SRIKANTH
Textbox



V31 = 0, V32 =
r2(1−m2)w∗

[1+k2(1−m2)v∗ ]2
, V33 = 0

The characteristic equation with respect to Jacobian matrix J∗ can be
written as-
θ3 + γ1θ

2 + γ2θ + γ3 = 0
where,

γ1 = −V11, γ2 = −(V12V21 + V23V32), γ3 = V11V23V32.

Hence, the interior equilibrium point F ∗(u∗, v∗, w∗) will be stable asymp-
totically, if γ1, γ2 and γ3 satisfy the Routh-Hurwitz conditions (i)γ1, γ3 > 0
and (ii)γ1γ2 − γ3 > 0.

Now, since m1 < 1 and m2 < 1 thus all the above conditions will be
satisfied if V11 < 0. Therefore we can conclude that the interior equilibrium
point F ∗(u∗, v∗, w∗) will be stable asymptotically if V11 < 0.

3.3 Analysis of global Stability around Interior equi-

librium point F ∗(u∗, v∗, w∗)

Theorem 3: The interior equilibrium point F ∗(u∗, v∗, w∗) with respect to
system(2) will be globally stable(asymptotically) if the following conditions
hold
(i)v∗ < D

r1k1(1−m1)2

(ii)v∗ < u∗ + k1u
∗(1−m1)

(iii) r1u
∗(1−m1)
D

+ r1k1uu
∗(1−m1)2

D
< n1 +

r2w
∗(1−m2)
D1

(iv)w∗ < v∗ + k2vv
∗(1−m2)

(v)r2v(1−m2) + r2k2vv
∗(1−m2)

2 < D1n2

Proof: To study the global stability nature of the system(2) around the
interior equilibrium point F ∗(u∗, v∗, w∗) we consider the following positive
definite Lyapunov function
L(u, v, w) = u+ u∗log(u

∗

u
) + 1

2
(v − v∗)2 + 1

2
(w − w∗)2.

Now, calculating time derivative of L(u, v, w), we get
dL
dt

= (u−u∗)[1−u−
r1v(1−m1)

1+k1(1−m1)u
]+(v−v∗)[ r1uv(1−m1)

1+k1(1−m1)u
−

r2vw(1−m2)
1+k2(1−m2)v

−n1v]+

(w − w∗)[ r2vw(1−m2)
1+k2(1−m2)v

− n2w]

= (u − u∗)[u∗ + r1v
∗(1−m1)

1+k1(1−m1)u∗
− u −

r1v(1−m1)
1+n1(1−m1)u

] + (v − v∗)[ r1uv(1−m1)
1+n1(1−m1)u

−
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n2vw(1−m2)
1+k2(1−m2)v

−n1v−
r1u

∗v∗(1−m1)
1+k1(1−m1)u∗

+ r2v
∗w∗(1−m2)

1+k2(1−m2)v∗
+n1v

∗]+(w−w∗)[ r2vw(1−m2)
1+k2(1−m2)v

−

n2w −
r2v

∗w∗(1−m2)
1+k2(1−m2)v∗

+ n2w
∗].

After some algebraic calculations, we obtain
dL
dt

= −[1− r1k1v
∗(1−m1)2

D
](u−u∗)2− [ r1k1u

∗(1−m1)2

D
+ r1u

∗(1−m1)
D

−
r1v

∗(1−m1)
D

](u−

u∗)(v−v∗)−[n1−
r1u

∗(1−m1)
D

−
r1k1uu

∗(1−m1)2

D
+ r1w(1−m2)

D1

](v−v∗)2−[ r2k2vv
∗(1−m2)2

D1

+
r2v

∗(1−m2)
D1

−
r2w

∗(1−m2)
D1

](w−w∗)(v− v∗)− [n2−
r2v(1−m2)

D1

−
r2k2vv

∗(1−m2)2

D1

](w−

w∗)2, where D = [1 + k1(1−m1)u][1 + k1(1 −m1)u
∗] and D1 = [1 + k2(1 −

m2)v][1 + k2(1−m2)v
∗].

Hence, when the conditions(stated above) of the theorem hold, then the
above expression will be negative definite and the function L(u, v, w) will be
a Lyapunov function around the interior equilibrium point F ∗(u∗, v∗, w∗)
which is positive definite. Now, we can conclude that, the system(2) with re-
spect to interior equilibrium point F ∗(u∗, v∗, w∗) is globally asymptotically
stable.

4 Numerical analysis of the model

To study the global dynamical behaviour of our proposed model detailed
numerical simulations have been done using MATLAB software. There are
two important parameters, one is the refugia parameter for prey species(m1)
and the other is the refugia parameter for intermediate predator(m2). So,
we will observe the role of both the refugia parameters m1 and m2. Firstly
we notice the chaotic nature of our proposed system(Figure-1) for the set
of parameters values r1 = 5.0, r2 = 0.1, k1 = 3.0, k2 = 2.0, n1 = 0.4, n2 =
0.01, m2 = 0.0 and m1 = 0.08. Now we vary the value of m1 to observe dif-
ferent dynamical behaviours. From Figure(2a) we have observed the chaotic
tea-cup attractor for m1 = 0.08. When the value of m1 is increased from 0.08
to 0.2 we have found the period-2 oscillation. Now we again increase the value
of m1 from 0.2 to 0.8 we obtain the limit cycle oscillation(Figure-2c) and fi-
nally we observe the stable focus oscillation for m1 = 0.85(Figure-2d). From
Figure-2, we notice that the system reaches into a stable focus state through
various non-linear dynamics like chaos, period-2 oscillation and limit cycle
oscillation. Now we explain the biological reason for stabilization of chaotic
dynamics for increasing the refugia parameter m1 for prey species. If we
increase the value of m1 many prey species escape from predation zone of
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intermediate predator and intermediate predator decreases due to want of
scarcity of prey species. This type of competition helps the chaotic system
move to stable state.

To observe global dynamical changes for variation of refugia parameter(m1)
a bifurcation diagram(Figure-3) is drawn. We have observed from this dia-
gram that the system arrives at stable state through various nonlinear phe-
nomena like chaotic motion, period-2 and limit cycle oscillation. We have
already clearly distinguished between chaos, period-2 oscillation and limit
cycle through phase diagram(Figure-2). In the Figure-3 we have found the
complete dynamical behaviour of the system viz chaos to period-2, period-2
to limit cycle and limit cycle to stable focus. We draw this diagram us-
ing maximum point and minimum point of time series solution of the sys-
tem. Here upper curve(red colour) indicates the maximum points and lower
curve(blue curve) indicates the minimum points.

Another important parameter is m2 which is the refugia parameter for
intermediate predator. Now, the impact of this parameter on the chaotic
dynamics will be observed. From Figure-4, we have noticed that the system
exhibits chaotic time series solution for m1 = 0.0, m2 = 0.06 and other pa-
rameters fixed as in Figure-1. This figure shows the biologically that when
refugia behaviour in the intermediate predator is low the system preserve
the chaotic dynamics. Now we will increase the value of m2 and observe the
changes of chaos. From Figure-5(a) it is noticed the chaos for m2 = 0.06.
When the value of m2 is increased from 0.06 to 0.1, chaos becomes period-2
oscillations(Figure-5b). Now, we again increase the value of m2 from 0.1 to
0.15, we notice that the system goes down into limit cycle oscillation(Figure-
5c). Finally, we observe the stable focus for m2 = 0.25(Figure-5d). From
Figure-5, we observe that the system enters into stable focus oscillations
through different non-linear phenomena such as chaos, period-2 oscillation,
limit cycle for increasing the value of m2.
Now, we draw a bifurcation diagram for m2 to observe the actual dynami-

cal behaviour of our system by changing the value of m2. From Figure-6, we
found that the system enters into stable focus state through different non-
linear behaviour like chaotic motion, period-2 and limit cycle. Hence, we can
decide that the refugia parameter m2 give a stable food chain system.

Now, we will observe the simultaneous effect of both refugia parameter
m1 and m2 on the chaotic dynamics. From Figure-7, we noticed that the
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system shows periodic limit cycle oscillation for m1 = 0.03 and m2 = 0.02. It
is obvious that when both prey and intermediate predator species use refu-
gia behaviour chaos goes down into limit cycle oscillation. From Figure-8
it is observed that the system enter into stable state for different combined
values of m1 and m2. From Figure-8(a) we found that the system shows
chaotic tea-cup attractor for m1 = 0.02 and m2 = 0.03. From Figure-8(b)
we notice that the system exhibits period-2 oscillation for m1 = 0.08 and
m2 = 0.09. Figure-8(c) shows the periodic limit cycle oscillation of the sys-
tem for m1 = 0.2 and m2 = 0.16. At last, the system reaches at stable state
for m1 = 0.32 and m2 = 0.25(Figure-8(d)). Further, we observed the sys-
tem dynamics around interior equilibrium point and the dynamics of other
equilibrium points for variation of m1 and m2 simultaneously. From Figure-
9(a) it is observed tea cup chaotic attractor and the motion of the trajecto-
ries around different equilibrium points for m1 = 0.03 and m2 = 0.02. We
have also found the period-doubling trajectory around the interior equilib-
rium point and all other trajectories around the different boundary equilib-
rium points converges to period-2 oscillations for m1 = 0.08 and m2 = 0.09
(Figure-9(b)). Again, for increasing values of m1 and m2, we notice the
limit cycle oscillation around interior equilibrium points and the trajectories
around the boundary equilibrium points converges to limit cycle trajectory
m1 = 0.2 and m2 = 0.16(Figure-9(c)). Finally, we observe the stable focus
motion for m1 = 0.32 and m2 = 0.25(Figure-9(d)) and from this figure it is
also observed that the trajectories around the boundary equilibrium points
go to stable focus. So, it is observed that the simultaneous effect of m1 and
m2 on the chaotic dynamics is very important for biological conservation.
However these two parameters give a sustained stable system.

From overall numerical studies we first analyzed the role of m1 on the
chaotic dynamics and noticed that m1 plays an significant role in controlling
the chaotic dynamics through different non-linear behaviour such as chaos,
period-2 and limit cycle. We also noticed that refugia parameter m2 able to
control the chaotic dynamics and give a sustained stable food chain ecosystem
through chaos, period-2 oscillation and limit cycle. Next we have observed
the simultaneous effect of m1 and m2 on the dynamical behaviour of our
proposed system. We found that both m1 and m2 can stabilize the chaotic
dynamics.
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5 Conclusion

In this work we have discussed the relationship between predator and
prey in a food chain model introducing refugia effects. The nature of stabil-
ity of the model around different equilibrium points has been analyzed. From
our study, it is evident that refugia technique can be very useful to preserve
species. Refugia strategies also help the species survive from extinction. This
can be an effective measure in scientific conservation of endangered species.
It can also be applied to manage and restore the balance of chaotic food
chain or biota in an ecosystem. We believe that our study may open a new
area of research in future.
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Figure 1: The system(2) shows chaotic solution for r1 = 5.0, r2 = 0.1, k1 =
3.0, k2 = 2.0, n1 = 0.4, n2 = 0.01, m2 = 0.0 and m1 = 0.08.
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Figure 2: The figure (a) shows chaotic tea-cup for m1 = 0.08, (b) exhibits
the period-2 oscillation of the system for m1 = 0.2, (c) shows the limit
cycle oscillation for m1 = 0.8. Finally, (d) describes the steady state stable
distribution with m1 = 0.85 and other parameter values given in Figure 1.
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Figure 3: A bifurcation diagram is presented for m1 ∈ [0.6, 0.88] and other
values of the parameters are given in Figure 1.
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Figure 4: The Figure represents the chaotic solution of system (2) for r1 =
5.0, r2 = 0.1, k1 = 3.0, k2 = 2.0, n1 = 0.4, n2 = 0.01, m1 = 0.0 and m2 = 0.06.
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Figure 5: The Figure (a) shows chaotic tea-cup for m2 = 0.06, (b) depicts
the period-2 oscillation of the system for m2 = 0.1, (c) shows the limit
cycle oscillation for m2 = 0.15. Finally, (d) describes the steady state stable
distribution with m2 = 0.25 and other parameter values given in Figure 1.
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Figure 6: Figure shows bifurcation diagram for m2 ∈ [0.0, 0.4] and other
values of the parameters are given in Figure 1.
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Figure 7: The Figure represents the chaotic solution of system (2) for r1 =
5.0, r2 = 0.1, k1 = 3.0, k2 = 2.0, n1 = 0.4, n2 = 0.01, m2 = 0.03 and m1 =
0.02.
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Figure 8: The Figure (a) shows chaotic tea-cup for m1 = 0.02 and m2 = 0.03,
(b) shows the period-2 oscillation of the system for m1 = 0.08 andm2 = 0.09,
(c) shows the limit cycle oscillation for m1 = 0.2 and m2 = 0.16. Finally, (d)
shows steady stable state distribution with m1 = 0.32 and m2 = 0.25 and
other values of the parameters are given in Figure 1.
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Figure 9: The Figures show the trajectory motion around the different equi-
librium points (a) for m1 = 0.02 and m2 = 0.03 (b) for m1 = 0.08 and
m2 = 0.09 (c) for m1 = 0.2 and m2 = 0.16 (d) for m1 = 0.32 and m2 = 0.25
and other values of the parameters are given in Figure 1.
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